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Abstract

Shape memory hydrogels (SMHs) are kinds of smart materials with great importance in many

fields, such as drug release and soft robotics. In order to design the structures base on SMHs, it

is necessary to reveal the mechanism of the shape memory effect and establish the constitutive

model of SMHs. However, the existing constitutive models can not describe some of important

mechanical behavior of SMHs, such as reversible shape memory effects. In this paper, a

three-dimensional finite deformation constitutive model is developed for SMHs with reversible

shape memory effects caused by the conformation transition of N-isopropylacrylamide

(PNIPAM). In order to well capture its reversible shape memory effect, the polymer network for

PNIPAM is decomposed into two parts, coil PNIPAM and globule PNIPAM, with different

reference configurations. Then this model is implemented into a user material subroutine

(UMAT) and is used for simulating the equilibrium swelling, isothermal uniaxial tension,

reversible shape memory behavior and multiple shape memory cycles of SMHs. Our model is

validated by comparing the simulation results with experiments. The deformation of a more

complex 3D structure and a bilayer structure containing SMHs are also numerically studied

which demonstrates great potential of our model in exploring the application of SMHs.

Keywords: shape memory hydrogels, constitutive model, numerical implementation,

reversible behavior

(Some figures may appear in colour only in the online journal)

1. Introduction

Shape memory hydrogels (SMHs) can fix temporary shapes

and recover to their initial shapes under specific external stim-

uli (temperature, PH, salt, etc), on account of their shape

memory effect [1–3]. Compared to shape memory poly-

mers (SMPs), SMHs can exhibit large deformations exceed-

ing 2600% while highly stretchable SMPs cannot undergo or

∗
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recover from strains of over 1000% [4]. Besides, the inter-

action between polymer network and the solutions of SMHs

enables the heating-triggered and cooling-triggered shape

recovery, and reversible shape memory behavior [5–7]. Due to

these excellent properties, SMHs have promising applications

in many fields, i.e., drug release and soft robotics [8–10].

Conventional thermal response N-isopropylacrylamide

(PNIPAM) hydrogels could undergo reversible volume

changes as shown in figure 1(a) during heating and cooling

[11]. However, the volume change is entirely influenced by

the water content and is not called as shape memory effect.
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Figure 1. (a) The volume changes of conventional thermal response hydrogels. (b) Schematic of shape memory process of one-way and
reversible SMHs.

Other than conventional hydrogels, SMHs have the merit of

programmability, which means that the desired shape can

be designed and recorded under external stimuli and load-

ing. Shape memory effect of hydrogel was reported for the

first time [5]. Subsequently, many works investigated the

shape memory effect of hydrogels, from material synthesis to

applications [9, 10, 12, 13]. However, most of them focus on

one-way SMHswhich limit their implication because one-way

SMHs cannot return to temporary shape again after changing

temperature (figure 1(b)). Recently, Liu et al [7] reported a

kind of two-way SMH with cooling-triggered shape recovery

based on transient structural anisotropy caused by conforma-

tion transition of PNIPAM chain which overcomes this short-

coming. The reversible shape memory process is described

as follows (figure 1(b)): The SMH is predeformed from a

swollen state to a deformed shape at low temperature. Then

the deformed shape is kept during the temperature rising. This

shape could be largely preserved to reach a temporary shape

even after removing the external load. SMH can return to its

initial shape (In fact, this shape is close to the initial shape

but not exactly the initial shape, and for simplicity, we call

it the initial shape.) after cooling and recovering to the tem-

porary shape after reheating. Comparedwith heating-triggered

shape recovery hydrogels, this kind of cooling-triggered shape

recovery hydrogels are more suitable for human body, as high

temperature causes irreversible tissue damage, whereas pro-

teins and cells can tolerate temperatures down to the freezing

point of water [6].

Due to the importance of stimuli-response hydrogels, much

effort has been dedicated to reveal its mechanical mechan-

isms and develop constitutive models [11, 14, 15]. Details of

advances can be found in a recent review [16], but these mod-

els do not focus on the shape memory effect of hydrogels.

Although the constitutive models of SMPs are well established

[17–21], for SMHs these models are no longer suitable in most

cases due to differences in the shape memory mechanisms. At

the microscopic level, the shape memory behavior of SMHs

can be achieved through two different strategies, dynamic

covalent bonds and supramolecular interactions [22]. The

former one is accomplished by stimuli-controllable decoup-

ling and coupling of dynamic covalent linkages, while the

latter one is through dynamic association and dissociation

of non-covalent interactions, i.e. hydrogen bonds and hydro-

phobic interaction [22–24]. As a kind of important supra-

molecular hydrogels, PNIPAM based hydrogels have been

extensively studied due to their temperature-sensitive con-

formational transition behavior, such as volume phase trans-

ition [11, 25], but less work is about shape memory effect.
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Molecular mechanism of PNIPAM based SMHs is revealed as

following (figure 2(a)): PNIPAM undergoes a conformational

transition (coil to globule) [26, 27] where the temporary shape

is fixed. Through cooling, the PNIPAM undergoes reversible

conformational transition (globule to coil) and the SMH is able

to return to its initial shape. This is essentially caused by the

temperature sensitivity of the hydrophobic interaction.

Recently, a phenomenological constitutive model has been

established for double network SMHs [28]. However, the

existing models are still insufficient to describe revers-

ible behavior of SMHs. In this work, combining micro-

mechanisms and thermodynamic framework, we develop a

constitutive model of SMHs with reversible shape memory

effect by polymer network decomposition methods.

This paper is organized as follows. Section 2 proposes a

constitutive model of reversible SMHs. We identify paramet-

ers of the constitutive model and implement this model into a

user material subroutine (UMAT) in section 3. The simulation

results of equilibrium swelling, isothermal temperature uni-

axial stretching, reversible shape memory effect and multiple

shape memory cycling process of SMHs are compared with

experimental results in sections 4 and 5 is the conclusion.

2. Constitutive model

2.1. Overall description

We established a constitutive model of SMHs through poly-

mer network decomposition method [29, 30]. According to

the state of PNIPAM (coil or globule), the network of SMHs

can be divided into two networks, network A and network B,

with different reference configurations shown in figure 2(b).

The reference configuration of network A is independent of

the programming deformation while the reference configura-

tion of network B is related to the programming deformation.

The volume fraction of network A and network B correspond

to the fraction of coil and globule PNIPAM chain, respectively.

More details about network A and network B can be found in

section 2.4.

2.2. Framework of constitutive model

In this model, deformation gradient F= ∂x/∂X is defined

to measure the deformation. X and x denote the positions in

initial and deformed configuration, respectively. We split the

overall deformation gradient into swelling part FS and mech-

anical part FM by multiplicative decomposition [31, 32]

F= FMFS, (1)

where FS represents the deformation gradient of the SMH

from the dry network state (Ω̃) to the stress-free swollen

state (Ω0) and FM represents the mechanical deformation

after equilibrium swelling. We consider that if SMH is in

swelling equilibrium state which means the stress equals zero

although the polymer network has been deformed due to water

molecules migration. Assuming that the swelling deforma-

tion is isotropic [33], FS can be further written as FS = λSI, I

is the second-order identity tensor and λS is swelling stretch

which characterizes the stretching of the network due to water

molecules into the polymer network.

The relationship between deformation gradient of two net-

works and FM is

FM = FA

FM = FBH, (2)

where FA, FB are deformation gradient of A and B network,

respectively. H represents the deformation of reference con-

figuration of network B, and its evolution equation is given

in section 2.4. The total volume change of SMH is J= det

F= JMJS and JS = λ3S = 1+ cν, where c is the number of

moles of water molecules contained in the initial configura-

tion and ν is the volume of per mole of water molecules.

The relationship between the physical quantities in the con-

stitutive model follows the law of thermodynamics. This ther-

modynamics framework can be derived as [34]

ψ̇+ ηṪ−P : Ḟ−µċ+
1

T
q ·▽T+ j ·▽µ⩽ 0, (3)

where ψ = ψ(CA,CB,c,T) is the Helmholtz free energy dens-

ity function, P is first Piola-Kirchhoff stress, η is the entropy,

µ is chemical potential and T is absolute temperature in

Kelvin.

For the convenience of considering SMHs shape memory

effects, the free energy density function is summed by the free

energy due to swelling and that due to mechanical deforma-

tion of SMHs [35]. The former one includes two parts. First

part is the free energy ψmix(c,T) caused by mixing the poly-

mer network and water molecules. Another part is the free

energy ψ0 from stretching the polymer network during initial

free swelling process. We further divide the free energy due

to mechanical deformation of SMHs into the free energy of

deformation ψ
A
and ψ

B
of the A and B networks according to

the constitutive model of SMHs. Therefore, the free energy of

SMHs is written as

ψ = ψ0 +ψmix(c,T)+ fCψA(CA,T)+ fGψB(CB,T), (4)

where, fC and fG are the fraction of coil chain and globule

chain, respectively. Since the total number of PNIPAM chains

is constant, we have fC + fG = 1. The mixing free energy is

given as [25, 36, 37]

ψmix(c,T) = RTc

(

ln

(

νc

1+ νc

)

+
χ

1+ νc

)

, (5)

where χ is called interaction parameter and R is the ideal gas

constant. Many models can describe the mechanical deforma-

tion of SMHs. Considering the large deformation character-

istics of polymer networks, utilizing the eight-chain model

[38] based on the non-Gaussian statistical chains [39], the free

energy due to mechanical deformation is given as

3
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Figure 2. (a) Molecular mechanism of shape memory effect in SMHs. (b) An analogous decomposition scheme for deformation gradient.

fCψA(CA,T)+ fGψB(CB,T)

= fC

[

NAnAkbT

(

λ̄AβA√
nA

+ ln
βA

sinhβA

)

+
1

2
KA(lnJA)

2

]

+ fG

[

NBnBkbT

(

λ̄BβB√
nB

+ ln
βB

sinhβB

)

+
1

2
KB(lnJB)

2

]

,

(6)

where NA, NB are the number of total polymer chains per unit

volume, nA, nB are the number of Kuhn segments and kb is the

Boltzmann constant. For network A and B, β = L−1(λ̄/
√
n)

and L−1(x) is the inverse Langevin function. The Langevin

function is defined as L(x) = coth(x)− 1/x. Also for network

A and B, λ̄=
√

Ī1/3, where Ī1 = tr(B̄) with J
2
3 B̄= FFT and

J= det(F).
After a more complex derivation, the Cauchy stress and the

chemical potential are obtained as (the detailed derivation is

given in appendix)

σ = fC

[

µA
√
nA

3JAλ̄A
L−1

(

λ̄A√
nA

)(

B̄A − 1

3
tr(B̄A) I

)

+
1

JA
KAlnJAI

]

+ fG

[

µB
√
nB

3JBλ̄B
L−1

(

λ̄B√
nB

)(

B̄B −
1

3
tr(B̄B)I

)

+
1

JB
KBlnJBI

]

(7)

and

µ= RT(ln(1−ϕ)+ϕ+χϕ2)− 1

3
JMσnnν, (8)

respectively. ϕ= 1/(1+ νc) is volume fraction of polymer

network.

2.3. Fraction of globule chain

As described in section 2.1, we divide the network of SMHs

into two parts according to the conformational state of

the PNIPAM chain and fG(T) is ascertained in present section.
The conformation transition of PNIPAM is that the evolution

of the structure of a single PNIPAM chain after the environ-

ment has been changed from a good solvent to a poor solvent

and vice versa [40]. Many studies have shown that the con-

formational transition of PNIPAM chain is a temperature, time

and current deformation dependent process [27, 40–42]. The

governing equation of this transition process can be written

as [26]

ξ5 − ξ3 − p

ξ3
− q= 0, (9)

where, ξ = R(T)/R(Tθ) is collapse ratio [43]. Tθ denotes the

θ-point temperature, R(T) denotes the radius of chain at cur-

rent temperature and R(Tθ) represents the radius of chain at

Tθ, while p and q are governing parameters. As shown in

figure 3(a), when p> 0.02278, ξ monotonically changes with

q, while p< 0.02278, ξ dose not monotonically change with

q. This non-monotonic change means that the PNIPAM chain

undergoes a first phase transition process which corresponds

to volume phase transition at the macroscopic level.

In this work, since the water content did not change much

during the experiment, we simplify the conformational trans-

ition of PNIPAM as a continuous process, and the fraction of

globule chain fG(T) is expressed as monotonic and continuous

function fG(T) = (1− γ)f(T). f (T) is the relationship between
the fraction of globule chain and temperature when the end of

chain is in free. The form of f (T) is assumed as

f(T) =
1

2

[

1+ tanh

(

T− Tθ

∆

)]

(1− exp(−Ξ)), (10)

where, Tθ and ∆ are material parameters. Because the con-

formational transition of PNIPAM needs some time to reach

equilibrium, a parameter Ξ is introduced and represents the

ratio of experiment time to characteristic time of conformation

transition. If Ξ≫ 1, fG equals to the equilibrium value when

temperature changes. If Ξ is close to or less than 1, fG does

not equal to the equilibrium value when temperature changes.

γ represents the stretch effect on conformation transition of

chain. If γ is close 1, that is, the length of chain is close to

4
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Figure 3. (a) Plot of the curves between ξ and the governing parameter q, according to equation (9). (b) Plot of the fraction of globule chain
in equilibrium fG as a function of temperature T, calculated by equation (11).

its contour length, the PNIPAM chain cannot transform into

globule chain when temperature changes. Then the fraction of

globule chain is written as

fG(T) =
1

2
(1− γ)

[

1+ tanh

(

T−∆

∆

)]

(1− exp(−Ξ)).

(11)

For different γ and Ξ, the curves between fG and temperat-

ure are shown in figure 3(b). It is clear that fG decreases as γ
increasing and Ξ decreasing. Considering that the network of

SMH is cross-linked by numerous molecular chains and each

of which may have different fraction of globule chain due to

different deformation, to reduce the cost of the calculation, γ
is assumed as a constant and the effect of γ on shape memory

behavior of SMHs is discussed in section 4.5.

2.4. Evolution equations

2.4.1. Reference configuration of network B. As mentioned

in section 2.1, the reference configuration H of network B is

assumed to be changed with the current configuration of net-

work A. It is necessary to establish the evolution equation

of H. We focus on the macroscopic phenomenal model to

achieve shapememory effect of SMHs rather than the complex

behaviors of molecular chains, so we assume that the newly

transformed network B takes the current configuration as its

reference configuration. Similar approaches are often used to

develop constitutivemodels of SMPs [20, 44, 45]. The deform-

ation gradient of the reference configuration of network B is

assumed as

Hn+1 =

{

(FB)
−1
n Fn △T> 0

H̄n+1 △T⩽ 0
, (12)

where n and n+ 1 indicate the present and previous

increments, respectively. H̄(ϖ,τ) represents the reference

conformational deformation gradient associated with the

reversible shape memory cycle.ϖ is the total immersion time

in low-temperature water after SMH shape memory program-

ming. τ is the time of the disappearance of shape memory

effect when SMH is immersed in water with low temperature.

2.4.2. Attenuation of the reference configuration. Exper-

iment finds SMH can transform repeatedly between the

two intermediate configurations when temperature changes

between high temperature and low temperature. The shape

fixed ratio gradually decreases and finally disappears as the

increasing of total duration time at low temperature [7].

Decreasing of shape fixed ratio means different mechan-

ical behavior among each low-high temperature cycle. In the

model, decreasing of shape fixed ratio can be considered

through the decay reference configuration of network B from

current configuration to initial configuration (same as that of

network A). We propose the evolution equation of the refer-

ence configuration of network B as

H̄=

{

F∗ ϖ = 0

I ϖ = τ
, (13)

where F∗ is the deformation gradient of the reference config-

uration of the part B network at the end of the SMH program-

ming. The eigenvalues and eigenvectors λi,Ni (i = 1, 2, 3) of

C̄= H̄TH̄ can be defined as

λi = (λ∗i − 1)Υ(ϖ,τ)+ 1 (14)

and

Ni = N∗

i , (15)

respectively, where λ∗i ,N
∗

i are the corresponding components

of C∗ = F∗TF∗.

Considering that detH̄= 1, the deformation gradient of the

reference configuration is defined as

H̄=

3
∑

i=1

√

λiNi⊗Ni. (16)

For Υ(ϖ,τ) , a time boundary condition

5
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Figure 4. (a) Tensile specimen of the SMH. (b) Stress–strain curves of the SMH from isothermal uniaxial tension tests at different
temperatures.

Υ(ϖ,τ) =

{

1 ϖ = 0

0 ϖ→ τ
(17)

must be satisfied tomatch equation (13) and here we assume as

Υ(ϖ,τ) = eA(1+
τ

ϖ−τ
), (18)

where A is material parameter.

3. Parameter determination and FE implementation

3.1. Parameter determination

The values of the material parameters are identified by water

content tests and isothermal uniaxial tensile tests. Equilib-

rium water content tests at different temperatures and shape

memory process of SMH have been studied [7], so we add

isothermal uniaxial tensile experiments of SMH at different

temperatures.

The materials were synthesized following the procedure

published in [7]. The dimension of the dumbbell type tensile

specimen is 35mm× 5mm× 0.8mm and the stretching velo-

city is 20 mmmin−1. During shape memory cycling, the water

content of SMH did not change much [7], so we tested the

mechanical behavior of SMH at different temperatures in a

non-equilibrium state. The SMH was immersed in water at

15 ◦C for 6 h to reach swelling equilibrium. The SMH was

placed at a specific temperature(15 ◦C, 25 ◦C, 30 ◦C, 40 ◦C,

45 ◦C) for 3min and then subjected to a tensile test. This pro-

cess is very fast compared to the hydrogel equilibrium swell-

ing time, so we ignore the change in water content of SMH.

To reduce experimental chance errors, each experiment was

repeated three times. Figure 4 shows the tensile specimen and

the result of isothermal uniaxial tensile tests. The stretch curve

of SMH is similar to that of rubber and the initial modulus of

SMH gradually increases with increasing temperature which

may be related to the conformational transition of the PNIPAM

chain.

The equilibriummass water content ϕ
W
of SMH at different

temperatures has been tested in [7] and we assume that the

relationship between ϕ
W
and temperature is

100 ϕW = a ln(|T− 300 |+ 1)Sgn(T− 300)+ b, (19)

where a and b are the fitting parameters. Sgn(x) is the signum
function and it is defined as

Sgn(x) =







1 x> 0

0 x= 0

−1 x< 0.
(20)

In present constitutive model, the relationship between the

volume fraction of the polymer network ϕ and temperature is

needed. ϕ can be derived by ϕ
W
as

ϕ=
1−ϕ

W

1− (α− 1)ϕ
W

, (21)

where α is the density fraction of water to dry polymer. For

most polymers, α is close to 1, so here we take α= 1. Then

equation (21) can be simplified as

ϕ= 1−α
W
. (22)

Through curve fitting, fitting parameters a and b were

obtained. Figure 5(a) shows the result of curve fitting. We also

fitted the low temperature (15 ◦C) uniaxial stretching curve

and the high temperature (45 ◦C) stretching curve to obtain

the parameters µA, nA, µB, nB. As the polymer network is

approximately incompressible, the bulk modulus and at low

(15 ◦C) and high (45 ◦C) temperatures is approximated as

KA = 90µA and KB = 90µB, respectively. The elastic modulus

at other intermediate temperatures is determined by fitting uni-

axial tensile stress–strain curves. According to equation (7),

the elastic modulus of SMH is

E= 3fCµA + 3fGµB. (23)

By fitting the experimental results, we obtained the para-

meters in equation (10). The fitting result is shown in

figure 5(b) and the parameters of this constitutive model are

summarized in table 1.

6
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Figure 5. The fitting results: (a) the water content of SMH at different temperatures and (b) initial modulus of SMH at different
temperatures.

Table 1. Material parameters of this model.

Notation Variable Value Unit

µA Shear modulus of network A 0.0387 MPa
√
nA Kuhn segment of network A 1.77 —

µB Shear modulus of network B 0.0829 MPa
√
nB Kuhn segment of network B 2.76 —

Tθ Fitting constant of initial modulus 300.65 K

∆ Fitting constant of initial modulus 4.933 K

a Fitting constant of water content −8.966 —

b Fitting constant of water content 54.604 —

C10 Shear modulus of elastomer 2 MPa

γ The ratio of current distance to maximum time of

conformation transition of PNIPAM chain

0, 0.2, 0.4, 0.6, 0,8 —

Ξ The ratio of experimental time to characteristic

time of conformation transition of PNIPAM chain

0.5, 1, 5, 10, 100, ∞ —

TL Low temperature of shape memory cycle 288 K

TH High temperature of shape memory cycle 318 K

α Cooling related parameter 3, 4, 5 —

β Heating related parameter 1, 1.5, 2 —

A Parameter related with attenuation rate of the

reference configuration of network B

0.5, 1 —

τ The time of the disappearance of shapememory

effect in simulation

15 s

3.2. FE implementation

This section presents UMAT formulation based on the con-

stitutive model in section 2. It is well known that the UMAT

subroutine requires the material Jacobian matrix of the con-

stitutive model. To avoid the tedious derivation of the mater-

ial Jacobian matrix, we use a numerical method developed by

[39, 46]. The form of material Jacobian matrix is

C =
1

2Jε
(τ(F

(ij)
+ )− τ(F

(ij)
−

)), (24)

where τ = Jσ is Kirchhoff stress. It should be noted that

we need to transform τ into a corresponding 1× 6 row vec-

tor, and C is a 6× 6 matrix in equation (24). Due to the

symmetry of the C matrix, the value of ij is further limited

to ij= 11,22,33,12,13,23. The deformation gradient incre-

ments are defined separately as

F
(ij)
+ = F+△F(ij)

F
(ij)
−

= F−△F(ij)

△F(ij) =
ε

2
(ei⊗ ejF+ ej⊗ eiF), (25)

where ε is the perturbation coefficient and we take ε= 10−8.

More details about the material Jacobian matrix can be found

in [39, 46].

4. Results and discussions

With the UMAT subroutine, we implemented the constitutive

model into ABAQUS software. Notice that the characteristic

time of conformation transition time (less than 10ms [47])

is much less than the experimental time (min) and the pro-

gramming deformation is not very large during shape memory

7
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Figure 6. Numerical simulations and experimental results of the
water content of the SMH at different temperatures.

cycles. Therefore, disregarding to the effect ofΞ and γ on frac-
tion of globule chain, we simulated equilibrium swelling, iso-

thermal uniaxial tension, reversible shape memory behavior

and multiple shape memory cycles of SMHs and compared the

simulation results and the experimental results. Then the effect

of Ξ and γ on the shape memory effect is discussed later. All

results are presented in the following.

4.1. Equilibrium swelling

We established a cube and simulated the equilibrium swell-

ing process of SMHs. A 20-node quadratic brick and

hybrid with reduced integration elements (C3D20RH) were

used in this simulation and the size of element was

1mm× 1mm× 1mm. The temperature change during the

analysis was 288K→ 318K→ 288K. Figure 6 shows the

comparison between simulation results with experimental res-

ults obtained by [7]. Since we divide the overall deformation

into equilibrium swelling deformation and elastic deforma-

tion in the present constitutive model, there is also equilib-

rium swelling deformation so the SMH is in stress free state.

In addition, the regularity between temperature and water con-

tent satisfies the same law during the warming or cooling

process. This example initially verifies the effectiveness of

UMAT subroutine.

4.2. Isothermal uniaxial tension simulation

We set up three-dimensional geometric models with the same

boundary conditions as the isothermal temperature uniaxial

tension experiments. A 20-node quadratic brick and hybrid

(C3D20H) were used in this simulation. Note that our model

is based on hyperelastic model, so the time of the ana-

lysis step has no effect on the simulation results. Comparis-

ons of the simulated and experimental results for isothermal

uniaxial tension are shown in figure 7. Obviously, this model

can capture the isothermal mechanical properties of SMH at

different temperatures.

4.3. Reversible shape memory behavior

By simulating shape memory process, we validated the cap-

ability of this model to forecast the mechanical behavior of

SMHs. Reversible shape memory cycle experiments in bend-

ing deformation mode were carried out in [7]. Rectangular

specimens with the size of 12mm× 3mm× 0.5mm are fol-

ded in the middle along their length and the temperature-

controlled shape memory behavior of SMH is described by

the bending angle. We note that there is little change in

angle along the width direction during this process. For this

reason, we simplify the process to a plane strain problem.

We set up two-dimensional geometric models with the size of

12mm× 0.5mm as shown in figure 8 and all element type are

eight-node biquadratic plane strain with reduced integration

and hybrid (CPE8RH).We divide the entire model equally into

three segments. The left boundary of the middle segment is

fixed, the right boundary is coupled to a reference point and the

programmed deformation is a 180◦ rotation of this reference

point.

In the experiment of Liu et al [7], shape fixed and

shape recovery processes are carried out at constant low TL
or high TH temperature. During this process, heat conduc-

tion and a non-equilibrium conformational transition of the

PNIPAMmolecular chain take place which take a long time to

reach equilibrium. We consider this process to a temperature-

controlled equilibrium problem by introducing a normalized

time ω = t ′/teq (0⩽ ω ⩽ 1), where t ′ is actual time and teq
represents the time to change temperature. The result of this

treatment is that we cannot set a uniformly varying temper-

ature during simulations because the reaction rate is faster at

first, and then gradually slows down according to chemical

knowledge. For this reason, we set the relationship between

temperature and normalized time when simulating as

T=







TL +(TH − TL)exp
(

αω
ω−1

)

∆T< 0

TH − (TH − TL)exp
(

βω

ω−1

)

∆T> 0
, (26)

where α, β are two parameters and the comparisons of simula-

tion and experimental results are shown in figures 9(a) and (b).

These show that simulation results best match experimental

results when α= 5, β= 2. So we use this set of values in the

later simulations.

4.4. Multiple shape memory cycles

In addition to single reversible shape memory cycle, multiple

shape memory cycles of the SMHs is also studied. The FE

model in section 4.3 is used here and we simulate five shape

memory cycles. The change in angle during the shape memory

cycle is controlled by the parameter A and a comparison of

the simulation results for different A with the experimental

results is shown in figure 10(a). Shape fixity ratio described

8
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Figure 7. The results of numerical simulations and experiments of the SMH from isothermal temperature uniaxial tension.

Figure 8. (a) Mesh of the finite element model. (b) Snapshots of the SMH during single reversible shape memory cycle, step 1: deformed at
low temperature (15 ◦C), step 2: maintaining its deformed shape and increasing temperature to 45 ◦C, step 3: unloading at high temperature
(45 ◦C), step 4: decreasing temperature to 15 ◦C, step 5: the purpose of this step is to accumulate the low temperature immersing time, step
6: reheating temperature to 45 ◦C.

by rotation angle at high temperature decreases while shape

recovery ratio described by rotation angle at low temperature

is almost unchanged during multiple shape memory cycles,

which is basically in agreement with the experimental obser-

vation [7]. Figure 10(b) is the curve between rotation angle and

temperature, which shows that SMH has different paths from

9
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Figure 9. Experimental results and numerical simulations of rotation angle of SMH from single reversible shape memory cycle: (a) at
different α value and (b) at different β value.

Figure 10. (a) The comparisons of simulation results with experimental results of rotation angle during multiple shape memory cycles.
(b) The simulation result of rotation angle and temperatures during multiple shape memory cycles.

low to high temperature, while paths are not updated from high

to low temperature due to the parameter ϖ in equation (18)

is changes only when SMH is immersed in low temperature

water.

In addition, this model can also be used to simulate more

complex and useful deformation behaviors of SMHs. As a typ-

ical example, figures 11(a) and (b) show the FE model and

the simulation results of the simplified model of soft robot

grippers or drug release structures, respectively. The revers-

ible shape memory effect of the SMH allows it to transform

between shape A and shape B to accomplish grasping or drug

release. This model can be used as an effective simulation tool

for mechanical design in the fields of drug release, soft robot-

ics and so on.

4.5. Discussion

In above simulations, we validate the constitutive model of

SMHswith simple examples. In this section, we further invest-

igate the effects of time ratio and amount of deformation on

shape fixity ratio (Rf) and shape recovery ratio (Rc).

We investigate the effect of Ξ and γ on the shape memory

process using a classic example on surface instability of

hydrogel [48, 49]. As shown in figure 12, the plane strain finite

elementmodel is composed of a layer of SMHwith small mod-

ulus and a thin layer of an elastomer with big modulus bonded

to SMH. The constitutive model this elastomer is incompress-

ible neo-Hooke model and the form of free energy is

W= C10(I1 − 3), (27)

where, C10 is the shear modulus and here we let C10 = 2MPa.

The boundary conditions are given as follows

{

ux = 0,uy = 0,Rxy = 0, at the left

uy = 0,Rxy = 0, at the right and bottom.
(28)

Four steps are created and the programming deformation is

a compression of 10mm at the right boundary. CPE8RH ele-

ment is used for both elastomer and SMH. Figure 13 shows

snapshot of SMH-elastomer system after deformed. Unlike

previous studies, the surface instability is produced by com-

pressive deformation and fixed by the temporary shape of the

SMHs. Surface instability disappears as the SMH returns to its

initial shape.

10
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Figure 11. (a) Size and mesh of the simplified model of soft robot grippers or drug release structures. (b) The simulation results of this 3D
structure during reversible shape memory cycle.

Figure 12. Geometry, mesh and boundary conditions of plane-strain finite element model.

Rf and Rc are defined as

Rf =
Lf

L
× 100%

Rc =
Lf − Lc

Lf
× 100% (29)

respectively, where L is programming deformation, Lf is the

distance between right condition after unloading and right con-

dition in initial condition and Lc is the between right condition

after cooling and right condition in initial condition.

Figure 14 show the results of Rf and Rc in γ =
0,0.2,0.4,0.6,0.8 and Ξ = 0.5,1,5,10,100,∞. Obviously,

Ξ has greater effect on shape fixity ratio and Rf gradually

decreases as Ξ decreasing, especially when experimental time

close to or less than the characteristic time of conformation

transition (figure 14(a)). This result means that the experi-

mental time needs to be much larger than the conformational

transition time in order to have a high shape fixity rate. Rf

decreases as γ increasing, but high shape fixity rate is achieved
as γ is not close to 1 to. Ξ and γ have little effect on the

shape recovery rate (figure 14(b)). However, this model does

not consider the coupling relationship between water diffusion

and polymer network deformation. The coupling of deforma-

tion and water transport during shape memory cycle will be

investigated later.

11
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Figure 13. Geometry of SMH-elastomer model after programming deformation.

Figure 14. Plot of relationship between Ξ, γ and the property of SMH from numerical simulations of shape memory process: (a) shape
fixity ratio, (b) shape recovery ratio.

5. Conclusion

A three-dimensional constitutive model and its numerical

implementation of two-way SMHs are studied. The shape

memory mechanism is that coil PNIPAM is transformed into

globule state due to hydrophobic interaction after temperat-

ure increases, which fixes the temporary shape and vice versa.

This inspires us to divide the SMH network into two parts

composed of coil and globule PNIPAM, respectively and the

fraction of which are mainly controlled by temperature. By

changing reference configuration of globule PNIPAMnetwork

and considering its evolution equation, the reversible shape

memory behavior of SMH and its attenuation during multiple

shapememory cycles are considered. This model is implemen-

ted into a UMAT using a kind of a numerical method with

wide applicability. We simulate the equilibrium swelling, iso-

thermal uniaxial tension, reversible shape memory behavior

and multiple shape memory cycles of SMH and simulated res-

ults were consistent with the experimental observations.

We show that our model can well capture the variation

of water content during equilibrium swelling and isothermal

uniaxial tension behaviors of SMHs. This model can also

predict reversible shape memory behavior of SMHs, which

shows shape fixity ratio decreases and shape recovery ratio

is almost unchanged during multiple shape memory cycles, in

agreement with experimental results. In addition, the effects of

time ratio and amount of deformation on shape fixity ratio and

shape recovery ratio are further discussed, which shows that

shape fixity ratio decreases as time ratio decreasing and the

stretching amount increasing while time ratio and stretching

amount have little effect on the shape recovery rate. For other

SMH material systems, the constitutive model also is applied

applicable by changing the corresponding physical parameters

with physical significance. This work can provide guidance

on the application of SMHs in fields of biomedical and soft

robotics.
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Appendix. Detailed derivation of constitutive model

The velocity gradient L is defined as the derivative of velocity

to Eulerian coordinates

L=
∂v

∂x
= ḞF−1. (A.1)

Substituting equation (1) into equation (A.1) and consider-

ing FS is a diagonal matrix. We derive the velocity gradient of

swelling part , the two parts of network as

LS = DS =
1

3
(J̇SJ

−1
S )I,

LA = LM,

LB = LM −FBL̄(FB)
−1, (A.2)

respectively, where L̄= ḢH−1. ThenP : Ḟ can be further writ-

ten as

P : Ḟ=
1

2
TM : ĊM +

1

3
JMtr(σ)J̇

S

= JMσM : DM +
1

3
JMtr(σ)J̇

S

= JAσA : DA + JBσB : DB +
1

3
JMtr(σ)J̇

S

= JAσA : DA + JBσB : DB +
1

3
JMtr(σ)J̇

S +β. (A.3)

Using equation (A.3), equation (3) can be further written as

ψ̇+ ηṪ− JAσA : DA − JBσB : DB −β

+ P̄J̇S −µċ+
1

T
qR ·▽T+ jR ·▽µ⩽ 0, (A.4)

where

P̄=−1

3
JMtr(σ) (A.5)

and

β =
J

2
σB :

[

(

FBL̄F
−1
B

)

+
(

FBL̄F
−1
B

)T
]

. (A.6)

The derivative the Helmholtz free energy density function

with respect to time is

ψ̇ =
∂ψ

∂CA

: ĊA +
∂ψ

∂CB

: ĊB +
∂ψ

∂c
ċ+

∂ψ

∂T
Ṫ. (A.7)

To establish the relationship between free energy and stress,

the first two terms of the above equation are further written

as [50]

∂ψ

∂CX
: ĊX =

∂ψ

∂CX
:
(

(ḞX)
TFX+(FX)

TḞX
)

= 2FX
∂ψ

∂CX
(FX)

T : DX. (X= A,B) (A.8)

By substituting equation (A.8) into equation (A.7) and

then substituting them into equation (A.4), the thermodynamic

inequality can finally be concluded as

(

2FA

∂ψ

∂CA

(FA)
T − JAσA

)

: DA

+

(

2FB

∂ψ

∂CB

(FB)
T − JBσB

)

: DB

+

(

∂ψ

∂c
−µact

)

ċ+

(

∂ψ

∂T
− η

)

Ṫ−β

+
1

T
q ·▽T+ j ·▽µ⩽ 0. (A.9)

For arbitraryDA,DB, ċ, Ṫ,▽T,▽µ, the above inequality is
required to be satisfied.

we obtain

σ = σA +σB =
2

JA
fCFA

∂ψA

∂CA

(FA)
T+

2

JB
fGFB

∂ψB

∂CB

(FB)
T

µact =
∂ψ

∂c
µ= µact + P̄ν

η =−∂ψ
∂T

−β+
1

T
q ·▽T+ j ·▽µ⩽ 0. (A.10)

In above equations, the first equation represents the Cauchy

stress of the SMH, which is obtained by adding the stress

of networks A and B and the stress from the derivative of

fC, fG with respect to C are ignored. The second and third

equations represent the chemical potential, the fourth equation

is used to calculate entropy and the fifth equation represents

the dissipation term.

ORCID iDs

Yanju Liu https://orcid.org/0000-0001-8269-1594

Jinsong Leng https://orcid.org/0000-0001-5098-9871

References

[1] Zhang Y, Gao H, Wang H, Xu Z, Chen X, Liu B, Shi Y, Lu Y,
Wen L and Li Y 2018 Adv. Funct. Mater. 28 1705962

[2] Zhang Y, Liao J, Wang T, Sun W and Tong Z 2018 Adv. Funct.
Mater. 28 1707245

[3] Lowenberg C, Julich-Gruner K K, Neffe A T, Behl M and
Lendlein A 2020 Biomacromolecules 21 2024–31

[4] Zhao Z, Zhang K, Liu Y, Zhou J and Liu M 2017 Adv. Mater.
29 1701695

[5] Osada Y and Matsuda A 1995 Nature 376 219
[6] Hu X, Zhang D and Sheiko S S 2018 Adv. Mater. 30 1707461
[7] Liu K et al 2020 Adv. Mater. 32 2001693
[8] Techawanitchai P, Idota N, Uto K, Ebara M and Aoyagi T

2012 Sci. Technol. Adv. Mater. 13 064202
[9] Drury J L and Mooney D J 2003 Biomaterials 24 4337–51

[10] Shang J, Le X, Zhang J, Chen T and Theato P 2019 Polym.
Chem. 10 1036–55

[11] Cai S and Suo Z 2011 J. Mech. Phys. Solids 59 2259–78
[12] Song K, Zhu W, Li X and Yu Z 2020 Mater. Lett. 260 126884

13

https://orcid.org/0000-0001-8269-1594
https://orcid.org/0000-0001-8269-1594
https://orcid.org/0000-0001-5098-9871
https://orcid.org/0000-0001-5098-9871
https://doi.org/10.1002/adfm.201705962
https://doi.org/10.1002/adfm.201705962
https://doi.org/10.1002/adfm.201707245
https://doi.org/10.1002/adfm.201707245
https://doi.org/10.1021/acs.biomac.9b01753
https://doi.org/10.1021/acs.biomac.9b01753
https://doi.org/10.1002/adma.201701695
https://doi.org/10.1002/adma.201701695
https://doi.org/10.1038/376219a0
https://doi.org/10.1038/376219a0
https://doi.org/10.1002/adma.201707461
https://doi.org/10.1002/adma.201707461
https://doi.org/10.1002/adma.202001693
https://doi.org/10.1002/adma.202001693
https://doi.org/10.1088/1468-6996/13/6/064202
https://doi.org/10.1088/1468-6996/13/6/064202
https://doi.org/10.1016/S0142-9612(03)00340-5
https://doi.org/10.1016/S0142-9612(03)00340-5
https://doi.org/10.1039/C8PY01286E
https://doi.org/10.1039/C8PY01286E
https://doi.org/10.1016/j.jmps.2011.08.008
https://doi.org/10.1016/j.jmps.2011.08.008
https://doi.org/10.1016/j.matlet.2019.126884
https://doi.org/10.1016/j.matlet.2019.126884


Smart Mater. Struct. 31 (2022) 095032 Y Hu et al

[13] Zhou S, Zhou Q, Wang M, Zhang Z and Ren L 2020 Int. J.
Food Prop. 23 470–80

[14] Xue Y, Lei J and Liu Z 2022 Polymer 243 124623
[15] Toh W, Ng T Y, Hu J and Liu Z 2014 Int. J. Solids Struct.

51 4440–51
[16] Huang R, Zheng S, Liu Z and Ng T Y 2020 Int. J. Appl. Mech.

12 2050014
[17] Ge Q, Luo X, Rodriguez E D, Zhang X, Mather P T,

Dunn M L and Qi H J 2012 J. Mech. Phys. Solids 60 67–83
[18] Gu J, Leng J and Sun H 2017 Mech. Mater. 111 1–14
[19] Su X and Peng X 2018 Int. J. Plast. 110 166–82
[20] Li Y, He Y and Liu Z 2017 Int. J. Plast. 91 300–17
[21] Yan C, Yang Q and Li G 2020 Int. J. Mech. Sci. 177 105552
[22] Lu W, Le X, Zhang J, Huang Y and Chen T 2017 Chem. Soc.

Rev. 46 1284–94
[23] Perera M M and Ayres N 2020 Polym. Chem. 11 1410–23
[24] Zhang Y, Li Y and Liu W 2015 Adv. Funct. Mater. 25 471–80
[25] Drozdov A 2014 Eur. Phys. J. E 37 1–13
[26] Ptitsyn O, Kron A and Eizner Y Y 1967 J. Polym. Sci. C

16 3509–17
[27] Wu C and Wang X 1998 Phys. Rev. Lett. 80 4092
[28] Chen Y, Zhang H, Chen J, Kang G and Hu Y 2021 Acta Mech.

Sin. 37 748–56
[29] Govindjee S and Simo J 1991 J. Mech. Phys. Solids 39 87–112
[30] Machado G, Chagnon G and Favier D 2014 J. Mech. Phys.

Solids 63 29–39
[31] Lee E H 1969 J. Appl. Mech. 36 1–6
[32] Zhao Z, Wu D, Lei M, Zhang Q, Wang P and Lei H 2021 Int.

J. Solids Struct. 229 111135

[33] Das S and Roy D 2021 Int. J. Mech. Sci. 196 106290
[34] Chester S A and Anand L 2011 J. Mech. Phys. Solids

59 1978–2006
[35] Mao Y, Chen F, Hou S, Qi H J and Yu K 2019 J. Mech. Phys.

Solids 127 239–65
[36] Flory P J 1942 J. Chem. Phys. 10 51–61
[37] Huggins M L 1942 J. Phys. Chem. 46 151–8
[38] Arruda E M and Boyce M C 1993 J. Mech. Phys. Solids

41 389–412
[39] Johnsen J, Clausen A H, Grytten F, Benallal A and

Hopperstad O S 2019 J. Mech. Phys. Solids 124 681–701
[40] Halperin A and Goldbart P M 2000 Phys. Rev. E 61 565
[41] Zhu P W and Napper D H 1997 J. Chem. Phys. 106 6492–8
[42] Wang X, Qiu A X and Wu C 1998 Macromolecules

31 2972–6
[43] Graziano G 2000 Int. J. Biol. Macromolecules 27 89–97
[44] Park H, Harrison P, Guo Z, Lee M G and Yu W R 2016 Mech.

Mater. 93 43–62
[45] Qi H J, Nguyen T D, Castro F, Yakacki C M and Shandas R

2008 J. Mech. Phys. Solids 56 1730–51
[46] Miehe C 1996 Comput. Methods Appl. Mech. Eng. 134 223–40
[47] Wanga X Y, Fana H Y, Yea X D, Liua B and Lin S 2018 Chin.

J. Chem. Phys. 31 789
[48] Bouklas N, Landis C M and Rui H 2015 J. Mech. Phys. Solids

79 21–43
[49] Tanaka T, Sun S T, Hirokawa Y, Katayama S, Kucera J,

Hirose Y and Amiya T 1987 Nature 325 796–8
[50] Shen F, Kang G, Lam Y C, Liu Y and Zhou K 2019 Int. J.

Plast. 121 227–43

14

https://doi.org/10.1080/10942912.2020.1733601
https://doi.org/10.1080/10942912.2020.1733601
https://doi.org/10.1016/j.polymer.2022.124623
https://doi.org/10.1016/j.polymer.2022.124623
https://doi.org/10.1016/j.ijsolstr.2014.09.014
https://doi.org/10.1016/j.ijsolstr.2014.09.014
https://doi.org/10.1142/S1758825120500143
https://doi.org/10.1142/S1758825120500143
https://doi.org/10.1016/j.jmps.2011.09.011
https://doi.org/10.1016/j.jmps.2011.09.011
https://doi.org/10.1016/j.mechmat.2017.04.008
https://doi.org/10.1016/j.mechmat.2017.04.008
https://doi.org/10.1016/j.ijplas.2018.07.002
https://doi.org/10.1016/j.ijplas.2018.07.002
https://doi.org/10.1016/j.ijplas.2017.04.004
https://doi.org/10.1016/j.ijplas.2017.04.004
https://doi.org/10.1016/j.ijmecsci.2020.105552
https://doi.org/10.1016/j.ijmecsci.2020.105552
https://doi.org/10.1039/C6CS00754F
https://doi.org/10.1039/C6CS00754F
https://doi.org/10.1039/C9PY01694E
https://doi.org/10.1039/C9PY01694E
https://doi.org/10.1002/adfm.201401989
https://doi.org/10.1002/adfm.201401989
https://doi.org/10.1140/epje/i2014-14093-2
https://doi.org/10.1140/epje/i2014-14093-2
https://doi.org/10.1002/polc.5070160644
https://doi.org/10.1002/polc.5070160644
https://doi.org/10.1103/PhysRevLett.80.4092
https://doi.org/10.1103/PhysRevLett.80.4092
https://doi.org/10.1007/s10409-021-01079-x
https://doi.org/10.1007/s10409-021-01079-x
https://doi.org/10.1016/0022-5096(91)90032-J
https://doi.org/10.1016/0022-5096(91)90032-J
https://doi.org/10.1016/j.jmps.2013.10.008
https://doi.org/10.1016/j.jmps.2013.10.008
https://doi.org/10.1115/1.3564580
https://doi.org/10.1115/1.3564580
https://doi.org/10.1016/j.ijsolstr.2021.111135
https://doi.org/10.1016/j.ijsolstr.2021.111135
https://doi.org/10.1016/j.ijmecsci.2021.106290
https://doi.org/10.1016/j.ijmecsci.2021.106290
https://doi.org/10.1016/j.jmps.2011.07.005 
https://doi.org/10.1016/j.jmps.2011.07.005 
https://doi.org/10.1016/j.jmps.2019.03.016
https://doi.org/10.1016/j.jmps.2019.03.016
https://doi.org/10.1063/1.1723621
https://doi.org/10.1063/1.1723621
https://doi.org/10.1021/j150415a018
https://doi.org/10.1021/j150415a018
https://doi.org/10.1016/0022-5096(93)90013-6
https://doi.org/10.1016/0022-5096(93)90013-6
https://doi.org/10.1016/j.jmps.2018.11.018
https://doi.org/10.1016/j.jmps.2018.11.018
https://doi.org/10.1103/PhysRevE.61.565
https://doi.org/10.1103/PhysRevE.61.565
https://doi.org/10.1063/1.474098
https://doi.org/10.1063/1.474098
https://doi.org/10.1021/ma971873p
https://doi.org/10.1021/ma971873p
https://doi.org/10.1016/S0141-8130(99)00122-1
https://doi.org/10.1016/S0141-8130(99)00122-1
https://doi.org/10.1016/j.mechmat.2015.10.014
https://doi.org/10.1016/j.mechmat.2015.10.014
https://doi.org/10.1016/j.jmps.2007.12.002
https://doi.org/10.1016/j.jmps.2007.12.002
https://doi.org/10.1016/0045-7825(96)01019-5
https://doi.org/10.1016/0045-7825(96)01019-5
https://doi.org/10.1063/1674-0068/31/cjcp1804070
https://doi.org/10.1063/1674-0068/31/cjcp1804070
https://doi.org/10.1016/j.jmps.2015.03.004
https://doi.org/10.1016/j.jmps.2015.03.004
https://doi.org/10.1038/325796a0
https://doi.org/10.1038/325796a0
https://doi.org/10.1016/j.ijplas.2019.06.003
https://doi.org/10.1016/j.ijplas.2019.06.003

	A constitutive model and its numerical implementation for reversible behavior of shape memory hydrogels
	1. Introduction
	2. Constitutive model
	2.1. Overall description
	2.2. Framework of constitutive model
	2.3. Fraction of globule chain
	2.4. Evolution equations
	2.4.1. Reference configuration of network B.
	2.4.2. Attenuation of the reference configuration.


	3. Parameter determination and FE implementation
	3.1. Parameter determination
	3.2. FE implementation

	4. Results and discussions
	4.1. Equilibrium swelling
	4.2. Isothermal uniaxial tension simulation
	4.3. Reversible shape memory behavior
	4.4. Multiple shape memory cycles
	4.5. Discussion

	5. Conclusion
	Acknowledgments
	Appendix. Detailed derivation of constitutive model
	References


